II. Focal Plane Analysis
As will be seen later, there is also a need to obtain the performance of a feed horn in the presence of a plane-wave incident field arriving from a direction (Op, Cp) and in the absence of the antenna reflector system, Fig. l 
Therefore, by combining Eqs. (5) and (9), the overall gain of the reflector antenna system can be found in the receive mode from
It should be noted that (0o, ¢0) and (0p, Cp) need not be the same. Therefore, (0p, Cp) has been set to (0.0, 0.0) for simplicity of analysis when evaluating the interactions of the array feed with an incident plane wave and computing the feed horn far-field gain, Gh. 
III. Optimization Technique
$ by the use of Eq. (12), Eq. (10) can be rewritten as
This expression is used to determine the optimum antenna gain simply by knowing the focal plane currents of the antenna, the array feed geometry, and the feed element aperture fields. The gain of the array feed in the absence of the antenna reflectors, Gh, is obtained by first performing a physical optics integration over the Eha fields in each feed element aperture to obtain the far-field pattern for each element. Then the power and peak fields are computed from the total fields from all elements in the conventional manner and used to compute Gh.
The analysis method consisted of computing the focal plane currents of a reflector system using reverse (receive-mode) scattering programs. 
IV. Accuracy Considerations
To determine the accuracy of the focal plane technique, the gain of a single reflector antenna was calculated using three different approaches: Figure 3 shows an array feed with the RF front-end setup at F3 that was used in another study for an experimental evaluation of using array feeds to compensate for antenna distortion losses. Figure 4 shows a seven-element array, with 4.45-cm diameter dual-mode horns, used in the experimental system. This illustrates a typical application for the results of the trade-off study discussed later in this article.
A summary of results at F1 and F3 for 7.5-and 45-deg elevation angles is shown in Table 4 . The results are based on the use of optimum feed horn sizes and focus. Both the focal plane or reversed scattering method and the forward or conventional scattering method were used. The results for the forward method are from an optimization study done at the time DSS 13 was completed.
As can be seen, the results for the forward and reversed approaches are very close.
A. Optimization at F1
The case used for the evaluation consisted of an array feed of seven equally sized elements in a circular cluster on a triangular grid. The first step was to select an element size that minimized the antenna loss at one of the distortion extremes, such as at an elevation angle of 7.5 deg. A set of 13 element diameters was selected, ranging from 2 to 13 cm. For each element diameter, the focal plane optimization technique was used to determine the feed element weights that gave the best performance improvement. Figure 5 contains two curves. The first curve shows the performance of the antenna that results from a single the diffraction from the support tripod, the decision was made to project the tripod blockage onto the main reflector similarly to that done with holography. In the area of the projected blockage, the mainreflector surface currents were set to zero. Using the physical optics scattering program, the fields on the subreflector were then computed. Using the reverse scattering program, the focal plane currents in turn were computed from the subreflector currents.
Using the focal plane analysis, the gain of the antenna with support tripod blockage was determined. As a reference, the gain for no blockage was calculated using the same technique.
For one horn, the loss (or difference in gain) due to blockage was 0.44 dB. For an array of seven horns, again the loss due to blockage was 0.44 dB. The array provided an improvement on the order of 0.01 dB for both with and without blockage. Therefore, the array was incapable of recovering blockage losses, and the calculated losses were due to the support tripod scattering fields outside of the region occupied by the array.
B. Optimization at F3
The major part of the study was done with the array feed located at F3 since this location would be used for a practical implementation. The design approach used followed that used at F1, where first the gain as a function of horn diameter was calculated. This was done at one extreme elevation angle, such as 7.5 deg, rather than at 45 deg, so as to optimize the array design at the point where the losses would be the greatest. Having selected the nominal location for a seven-horn array and the best central horn diameter, the rest of the study consisted of varying the various parameters of the array design. Figure 14 shows the antenna performance as a function of elevation angle for the center horn only and for an array of seven horns. At an elevation angle of 45 deg, the center horn and the array have the same performance, as expected, since the antenna surface was adjusted at this angle. At an elevation angle of 7.5 deg, the single-horn performance shows a loss of 1.70 dB relative to the performance at the 45-deg elevation angle.
Using the array to recover this loss of performance, only a 0.22-dB improvement was obtained. Earlier calculations using the forward or transmit mode to compute the possible performance improvement showed improvements of about 0.4 dB. The earlier calculations used the array geometry that was used in an experimental program, where the array horn diameters were not optimized and the horns were operated 1.67 GHz away from their design frequency, allowing more room for improvement. In this study, the horn size was optimized, as discussed in the previous paragraph.
The calculation in the first paragraph of this section was for a seven-horn array, where the center horn and the six horns in a ring around the center horn had the same diameters.
The next calculation investigated the effect of using different numbers of horns in the ring around the center horn and adjusting the diameter of these horns to completely fill the ring. The larger the number of horns in the rings, the smaller the horn diameters. Figure  15 illustrates the performance for this case. In the figure, the performance of the center horn is included as a baseline and is a straight line since it is not affected by the number of outer-ring horns. Also, the figure shows calculations for one outer ring and two outer rings. Where two rings are used, both rings have the same number of horns," the second ring nesting in the first ring. This necessitates the horns in the second ring being larger than those in the first ring. 
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For one ring of six horns, the improvement was 0.22 dB, as shown before. However, if the number is increased to eight horns, the improvement jumps to 0.63 dB and then drops off for a larger number of horns. Using 2 rings, an improvement of 0.72 dB can be gained for 12 horns in each ring. However, using the second ring, which implies a 25-horn array, only gives an improvement of 0.09 dB over the single-ring case, which is a 9-horn array. Therefore, the use of a second ring is not practical considering the increased complexity.
The reason that increasing the number of horns makes an improvement can be seen by reviewing the focal plane distribution. Figure  16 shows the focal distribution overlaid with the outline of the 5.31-cm diameter horns in the seven-horn case. It can be seen that the center horn encompasses the region where the fields are best behaved. The horns in the outer ring, however, are so large that they cover an area where the fields slope across the aperture from -5 to -35 dB and, therefore, do a poor job of coupling the fields. The horns like to see a Gaussian distribution for best performance. Figure 17 shows the focal distribution overlaid with the outline of the horns for the eight horns-per-row case, where the center horn is 5.31 cm in diameter.
Here the smaller horns in the first row do a better job of sampling the fields since the fields do not vary more than 10 to 15 dB across their apertures. The horns in the second row, however, cover regions where the fields are not well behaved and recover very little of the field energy. This case shows that increasing the number of horns by two can cause a significant improvement. However, it should be noted that the array geometry is driven by the focal distribution, which is unique for a given antenna system design and associated aberrations and, therefore, the results could be significantly different for other antenna designs. This case is interesting because it is an example of the type of cases that are amenable to the focal plane analysis technique.
In an earlier study, ray tracing techniques were applied to a seven-horn array, using the same geometry used in this article.
It was found that with all the array horn axes parallel to each other at F3, at their image point at F1, the beams associated with the horns in the ring around the center horn pointed away from the antenna axis. This could be likened to an array located at F1 having all but its center horn rotated outward from the antenna axis. The effect is to improperly illuminate the antenna subreflector.
At F3, it was found that by rotating all but the center horn inward by 2.62 deg in an aberration-free environment, all the beams at F1 could be made to be parallel. Another way of viewing this situation is that the phase patterns of the focal field distribution at F3 for a BWG antenna are not uniform, but tapered.
The horns need to be rotated to better match the focal plane phase distribution. Since with optimum horn diameters the outer horns are only useful in the presence of antenna aberrations, it was of interest to see if rotating the horns could help in recovering more of the losses due to aberrations. At an elevation angle of 7.5 deg, a series of calculations was made, rotating all but the center horn inward.
In Figure  18 , it is shown that, for a seven-horn case, rotating the horns 5.2 deg inward improved the performance by 0.46 dB. A similar calculation was made for the case that had the optimum eight horns in the ring (nine-horn array). In this case, rotating the horns about 4.0 deg had little effect. Evidently, significant phase variations in the focal region were beyond the area covered by the smaller outer horns for the nine-horn array, but were within the region covered by the larger outer horns of the seven-horn array. Figure 19 shows the performance as a function of elevation angle for the seven-horn case, with the horn rotation angle set at 5.2 deg.
There are some asymmetries in the BWG geometry that are not significant to horns mounted on the antenna optical axis, but could be of concern for off-axis horns such as are used in an array feed system. At F1, the distribution is perfectly circular, as is seen in Fig. 8 . The lack of perfect circular symmetry shown in Fig. 21(c) is due to the effects of the BWG. Figure 22 shows the effect of axial focus changes on the focal fields at an elevation angle of 7.5 deg. There appears to be a rotation in the structure of the focal fields in the vicinity of the distribution main lobe as the focus is changed. 
VII. Analysis of Experimental Configuration
An experimental program, supported by another task, was performed at DSS 13 using a seven-horn array located at F3 that had the same geometry as used in this study, with one exception: The array horns were restricted to a nonoptimum diameter of 4.45 cm. Another difference is the dual-mode horns used in the experiment were designed for 32. Calculations were made to determine the best axial focal position for the array. -7 --6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 X-AXIS, cm
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VIII. Conclusions
The focal plane optimization technique was shown to provide a method of recovering performance losses for two antenna problems:
(1) the aberration losses due to scanning the beam of an antenna and (2) the losses associated with antenna reflector distortions that result from changes in the antenna elevation position. The second case really demonstrates the power of the focal plane analysis technique.
For the antenna configuration associated with the second case, it takes 5.6 h on a Cray Y-MP2 computer to perform one forward scattering calculation to determine the far-field pattern for a single-feed horn.
The scattering calculation must be repeated seven times to include the effect of each array feed horn for a seven-horn array, requiring 39.2 h per antenna configuration. The time to compute the optimum gain from the far-field patterns for each feed horn is small compared to the scattering calculation time and will be neglected. If the process is repeated for 13 feed sizes, as was done in the example in Section VI.A of this article, a total time of 509.6 h is needed! The computation time required for the focal plane optimization technique can be determined as follows: Assume the time to do the reverse scattering calculation through the antenna and beam-waveguide optical system is the same as for the forward scattering case, or 5.6 h.
The time required to calculate the currents in the focal plane to the required resolution is 3.3 h. This gives a one-time total time of 8.9 h, which does not have to be repeated unless the antenna geometry changes.
The time required to perform the focal plane optimization that must be repeated for each feed size or array geometry ranged from 2 min for the smallest feed size to 33 min for the largest feed size and 22.5 min for the optimum feed size. The total time to perform the optimization calculation for all 13 feed element sizes studied was 2.7 h. The grand total time, including the scattering calculations, comes to 11.6 h. Reducing the computation time from 509.6 h to 11.6 h illustrates the usefulness of this technique.
The objection can be raised that you do not need to consider so many element sizes to determine the optimum element size. But that is not the issue. There might also be a need to trade off the array geometry and/or the horn type, such as single mode, dual mode, hybrid mode, or any other type. This could result in the need to analyze more cases than the 13 element sizes considered in the example. The
